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Abstract 

The stochastic model of spray formation in the vicinity of the injector has been described and assessed by compari-
son with measurements in Diesel-like conditions. In this mesh-free model, the 3D configuration of continuous liquid 
core is simulated stochastically by ensemble of spatial trajectories of specifically introduced stochastic particles. 
Each trajectory of such particle corresponds to one realization of the liquid core geometry. The stochastic process is 
based on assumption that due to a high Weber number, the exiting continuous liquid jet is depleted in the framework 
of statistical universalities of a fragmentation under scaling symmetry. The parameters of such stochastic process are 
presumed from the physics of primary atomization. The spray formation model is consists in computation of spatial 
distribution of the probability of finding the non-fragmented liquid jet in the near-to-injector region. This model is 
combined with KIVA II computation of atomizing Diesel spray in two ways. First, simultaneously with the gas 
phase RANS computation, the ensemble of stochastic particles is tracking and the probability field of their positions 
is calculated, which is used for sampling of initial locations of primary blobs. Second, the velocity increment of the 
gas due to the liquid injection is computed from the mean volume fraction of the simulated liquid core. Another no-
velty in the model presented is that unsteadiness of the injection velocity is taken into account in breakup simulation. 
The critical Weber number, indicating when the atomization model is activated, is computed on the bases of the in-
crement in time of the injection velocity, when the last one is decreasing, and thereby leads to supplementary brea-
kup. We show that by such a numerical procedure, the measurements reported by Arcoumanis et al. (time-history of 
the mean axial centre-line velocity of droplet, and of the centre-line Sauter Mean Diameter), are fairly well pre-
dicted.  

 
 
Introduction 

When a high-speed liquid jet is discharged into stagnant dense air, it disintegrates into filaments and drops due 
to interaction with the gas. In Diesels, the vapour issued from liquid fragments mixes with the turbulent gas flow and 
chemically reacts. If the produced spray is not well-atomized, the combustion process is incomplete. This leads to 
power loss, to additional consumption of the fuel, and to increased formation of pollutions.  In order to identify the 
mechanism of spray formation in Diesel-like conditions, many experimental studies were performed (see [1-10], for 
example). These studies have shown that several interdependent phenomena may instigate simultaneously the com-
plex process of breakup; among them the dominant phenomena are: turbulence [1]-[4]; cavitation pockets [5-8] 
within injection holes, drop shedding [9], and unsteadiness of the injection velocity [10]. During the last twenty 
years, the knowledge obtained from experiment was included into classical break-up models ([11]-[13], [14], [15], 
[16], [17]-[18]). These models are based on statistical representation of spray, as an ensemble of proliferating round 
spheres, which are injected initially from the nozzle exit. The next step in simulation of spray formation consists in 
primary atomization modeling. The numerical approaches, which are often referred to as the direct simulation of 
primary atomization, are based on integration of the Navier-Stokes equations with identification of the gas-liquid 
interface at each time step. In this technique, the liquid fragments break apart, when a progressively stretched fila-
ment becomes of order of the typical size of the numerical cell. These approaches, reviewed recently in [19], can 
become a major tool for understanding the physics of primary atomization. However, when the Weber number is 
high, the computational expense associated with resolution of length scales of breaking ligaments is very high. 
Hence application of those approaches in practical conditions, in a whole domain of atomizing spray, is limited by 
the Weber and the Reynolds numbers. Consequently, alongside with the direct numerical simulation of primary 
atomization, there is an interest for the engineering community in developing of primary atomization modeling in a 
phenomenological way, using physical knowledge and intuition. One of these approaches was proposed in [20] for 
air-blast atomization. The feature of this approach is that it is a mesh-free approach:  in the very close-to- injector 
domain, the distribution of probability that the continuous liquid jet is broken, is simulated by trajectories of stochas-
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tic particles (each trajectory implies one realization of the liquid core geometry). The parameters of such stochastic 
process are presumed from the physics of primary atomization, and the process itself is based on the statistical un-
iversalities of fragmentation under scaling symmetry [21-22]. These probabilities are computed simultaneously with 
the gas phase computation, and, also simultaneously, with sampling of initial locations of primary blobs, according 
to the probability field.  In the present paper, we develop further this model, targeting the spray formation in Diesel-
like conditions: the model is linked with the RANS computation of flow with sprays; the unsteadiness of the injec-
tion velocity and the flow contraction due to cavitation within injection hole are taken into account in the breakup 
simulation.  
 
Stochastic model of the liquid core configuration  

When the Weber number of a high-speed liquid jet spreading into stagnant compressed gas is very high, the ex-
act prediction of each elementary fragment pinched off from the jet, is a too difficult task. However the frequency of 
detachments of liquid elements is high. Then it is natural to abstract a simple “effective” scenario of fragmentation, 
regardless of details of the elementary break-up realization, but representing its essential features statistically 
through physical parameters of break-up.  The main steps in our model are as follows.  

1.  At each time, the liquid core has random geometrical configuration. Each geometrical configuration of the 
liquid core is determined by spatial trajectory of the stochastic particle referred to as “floating cutter” or FC-particle.  

2.  At different times, these configurations represent an ensemble of independent realizations. The FC particles 
are injected one after another; each particle proceeds along its own path, which ends after a length of time deter-
mined by kinetic energy transfer from the gas flow to the liquid. The one-point distribution, ( )rt;,f x , defined such 
that ( ) rdrt;,f 3x  is the probability that the radial position of interface, r , at axial position x  and at time t  is in the 
space element rd 3  about r  is given by ( ) ( )( )FCrt,rrt;,f −= xx δ , where FCr  is the radial position of the FC 

particle and ( )( )FCrt,r −xδ  is the Dirac function. The spray around the non-depleted liquid core is assumed to be 
thin (the droplet field has negligible volume, but significant mass in comparison to the gas). Thereby the position of 
blobs to be formed in the near-injector region can be sampled from the computed distribution ( )rt;,f x . 

3.  Concerning the radial position of a given FC particle at different axial positions, we assume that 
xFCr ,
 is 

modified in a step by step manner by a cascade process, in which xxFCr ∆+,  is produced from xFCr ,  by multiplication 

by a random independent variable : αln
,, err xFCxxFC =∆+ . Here the random multiplier α  ( 10 ≤≤α ) is governed by 

the probability density distribution ( )αq , ( ) 1
1

0

=∫ αα dq . The problem is that this multiplicative process, often re-

ferred to as fragmentation under scaling symmetry ( rr α→ ), requires ( )αq , which is, in principal, unknown. 

However in such fragmentation, with a constant frequency 1−T , the population balance equation, describing conti-
nuous evolution with time of the particle-size distribution, can be reduced , at large times, exactly to  the Fokker-
Planck equation [21, 22]: 
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Here ( )trf ,  is the normalized distribution function, ( ) 1
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drrf , and only two first logarithmic moments of α   

may intervene in the evolution of ( )trf , , and also ( )22 lnln/lnln/ln rrr −=αα  . According to (1) in 

Ito interpretation (on Ito versus Stratonovich interpretation of the stochastic equation see [23], for example), the sto-
chastic equation for radial position of the FC-particle is: 
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where ( )tRr eff
injxFC ==0,   is given by the effective radius of injector, and ( ) t Wd  is the Winner stochastic process 

with  ( ) 0= t Wd , ( )[ ] td t Wd 22 =  [23]. 
4.  In the down-stream direction x , each FC particle is moving with axial velocity equal to the effective inlet 

velocity  of the liquid jet ( )tUu eff
inj= .  The effective radius of injector and the effective velocity of injection is com-

puted using the flow contraction coefficient CC  [24], which is based on the cavitation number 

CN :








≥+= 3CN1;,
CN
110.62CC

. The expressions are: ( ) ( )
C

exp
injeff

inj C
tU

tU = ,  ( ) geom
injC

eff
inj RCtR = , where 

( )tUexp
inj  is the given injection velocity.  

5.  Three parameters, αln , α2ln  and T ,  have to be determined in (2) according to the mechanism of 

break-up. In the stochastic modeling of the secondary atomization in [25], the suggestion was : 



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where 0l  is the size of the mother drop subjected to the fragmentation under scaling symmetry, and crr  is the typical 
size of finally produced droplets. In the present study, it is assumed that interaction between the accelerated liquid 
jet and the gas gives rise to the Rayleigh-Taylor instability, and then the drops are produced from crests on the free 
surface. Introducing from [11] the most unstable wavelength RTλ  of the Rayleigh-Taylor instability, one writes:  



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
⋅=

RT

critrconst
λ

α lnln , 







⋅=

RT
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λ

αα lnlnln2  , with the constant chosen to be equal to 0.1. The typical size 

crr  is defined by 1/σrUρWe cr

2eff
injgascr ==  and expression for RTλ   are taken from [11]. The life time for each 

FC-particle, ( ) bupν1tT = , is determined by: ( ) ( )
( )tR
tU

ρ
ρ

10
1tν eff

inj

eff
inj

fuel

gas
bup = .  

In Fig. 1, we show the distribution of probability ( )rx,prob  to have a continuous non-fragmented liquid close 
to injector. The initial conditions in this simulation are taken from [17]. The probability distribution is calculated by 
positions of all FC-particles containing in the computational domain at a given moment. Meanwhile, the inverse to 
this distribution will show the probability of positions of drops to be newly formed, with their total mass equal to the 

injected one. The size of newly produced drops is sampled from χ-squared distribution: 





− ** R

rexp
R
1 , where *R  

is the mean from distribution of radial position of FC-particles at a given distance from the nozzle. 
 

Implementation into KIVA II; model of secondary atomization, and results 
In the vicinity of injector in the KIVA II code, we subdivide each momentum cell of volume V  into a number 

of identical small cells of volume FCv .  This supplementary sub-mesh is used for realization of the model (1.-5.), in 
order to compute the rate of subgrid momentum gain to the gas phase per unit volume due to the spray injection. The 
time step for FC-particle is taken as ( )tU/vΔt eff

inj
1/3
FCFC = .  On each KIVA II time step, we compute the volume 

fraction of the liquid core in the given momentum cell: V/vprobθ FCik∑ ⋅=  and the velocity increment of the gas 

due to the liquid injection : ( )eff
injg Uθδuδ ⋅= .  

The secondary atomization model, which is used, is described in [25]. This model is activated when the Weber 
number of the considered blob is greater than the critical Weber number. In the present study, we propose a new 

modification of this condition. When the injection velocity is decreasing, 0
dt

dUeff
inj < , the previously injected liquid 

mass has higher velocity than the mass injected at the considered moment. This provokes the supplementary brea-
kup.  Therefore we introduce the new expression of the Weber number, which has to be compared with the critical 
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one: 




 −= σ/ruuρσ,/rUδρmaxWe

2

pgg

2eff
injtfuel

, where eff
injt Uδ  is the injection velocity increment in time. 

With the model described above, we performed computations of atmospheric spray 
( sm /2600Uinj ÷= , m009.0R inj = , ms85.0t inj = , mg2.3minj = ) , which was studied experimentally in [17]. 
Fig. 2 -  Fig.4 represents the comparison between computation and measurements of the liquid core tip penetration, 
of the centreline Sauter Mean Diameter and of the mean axial centreline velocity of droplet. An agreement with ex-
periment can be seen.  
 
Conclusion 
The stochastic model of spray formation in the vicinity of the injector has been described and assessed by compari-
son with measurements in Diesel-like conditions. In this mesh-free model, the 3D configuration of continuous liquid 
core is simulated stochastically by ensemble of spatial trajectories of specifically introduced stochastic particles. 
Each trajectory corresponds to one realization of the liquid core geometry. The stochastic process is based on as-
sumption that due to a high Weber number, the exiting continuous liquid jet is depleted in the framework of statis-
tical universalities of a fragmentation under scaling symmetry. The parameters of such stochastic process are pre-
sumed from the physics of primary atomization. The spray formation model, based on computation of spatial distri-
bution of the probability of finding the non-fragmented liquid jet in the near-to-injector region, is combined with 
KIVA II computation of atomizing Diesel spray in two ways. First, the probability field, from which the initial loca-
tions of primary blobs are sampled, is computed simultaneously with the gas phase RANS computation. Second, we 
compute the rate of sub-grid momentum gain to the gas phase per unit volume due to the spray injection. Another 
novelty in our simulation concerns accounting for unsteadiness of the injection velocity and for the flow contraction 
due to cavitation within the injection hole. The injection velocity is computed using the flow contraction coefficient. 
The critical Weber number, which indicates when the atomization model is activated, is computed on the bases of 
the increment of the injection velocity, when the last one is decreasing and consequently, leads to supplementary 
breakup. We show that by such a numerical procedure, the measurements reported by Arcoumanis et al. (time-
history of the mean axial centre-line velocity of droplet, and of the centre-line Sauter Mean Diameter), are fairly 
well predicted.  
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Figure 1.  Example of the probability distribution of a continuous non-fragmented liquid close to injector 
                      (initial conditions from [17]) 
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Figure 2.  On the left: the injection velocity from [17] and its recomputed value by the effective area.      
                  On the right: comparison of the computed tip penetration with the measured in [17] 
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 Figure 3.  The computational temporal evolution of the centerline droplet SMD versus measurements in   
                           [17] at 10, 20, 30, 40, 50 and 60 mm below the injection hole.  

 
 
 

 



ICLASS 2009                                                                                                                                                                                   Running Paper Title 
 
 

 7 

time (ms)

ve
lo

ci
ty

(m
/s

)

0 0.5 1 1.50

50

100

150

200

250

300

x = 30 mm

time (ms)

ve
lo

ci
ty

(m
/s

)

0 0.5 1 1.50

50

100

150

200

250

300

x = 50 mm

time (ms)

ve
lo

ci
ty

(m
/s

)

0 0.5 1 1.50

50

100

150

200

250

300

x = 60 mm

time (ms)

ve
lo

ci
ty

(m
/s

)

0 0.5 1 1.50

50

100

150

200

250

300

x = 40 mm

time (ms)

ve
lo

ci
ty

(m
/s

)

0 0.5 1 1.50

50

100

150

200

250

300

x = 20 mm

time (ms)

ve
lo

ci
ty

(m
/s

)

0 0.5 1 1.50

50

100

150

200

250

300

x = 10 mm

 
 

Figure 3.  The computational temporal evolution of the the mean axial centreline velocity of droplet  
                  versus measurements in  [17] at 10, 20, 30, 40, 50 and 60 mm below the injection hole. 
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